This paper presents the results of three-dimensional ®nite-element analyses of circular foundations on the surface of homogeneous, purely cohesive soil. The foundations were assumed to adhere fully to the soil, and compressive, tensile and shear stresses may develop at the interface between the footing and the soil. The predicted ultimate response of the foundations to combined vertical, moment and horizontal loading was compared with other available theoretical predictions. A three-dimensional failure locus is presented for these foundations, based on the numerical predictions. An equation that approximates the shape of the failure locus is also suggested, and this provides a convenient means of calculating the bearing capacity of circular foundations on a uniform clay and subjected to combined loading.
INTRODUCTION
The bearing capacity of foundations has always been one of the subjects of major interest in soil mechanics and foundation engineering. There is an extensive literature dealing with the bearing capacity of foundations, from both theoretical and experimental standpoints. A list of principal contributions to this subject can be found in Vesic (1973) , Chen & McCarron (1991) and Tani & Craig (1995) . Most of the design methods for estimating bearing capacity are based on the original studies of a strip punch done by Prandtl (1921) and Reissner (1924) , modi®ed to accommodate the conditions not included in the Prandtl±Reissner solution, such as load inclination, footing shape, etc. The modi®cations are usually based on either limit equilibirum analyses or empirical approaches. These conventional design methods provide simple and effective tools for estimating the bearing capacity of foundations under predominantly vertical loading. However, for foundations under substantial moment and lateral load, these methods may not provide theoretically rigorous or practically reliable solutions.
In addition to the conventional methods, attempts have been made in the last decade to de®ne failure loci and interaction equations for foundations using more rigorous methods. A failure locus de®nes the load conditions under which failure of a foundation occurs. Any combination of loads inside the failure locus is regarded to be safe for the foundation. These newer methods have been supported by a large number of experiments on model-scale shallow footings, carried out by many researchers, among them Osborne et al. (1991) , Butter®eld & Gottardi (1994) and Martin (1994) . Some of the proposed failure equations are based on theoretical and numerical analysis (e.g. Murff, 1994; Bransby & Randolph, 1998) .
In this paper, the results of a series of three-dimensional ®nite-element analyses of a circular foundation resting on the surface of a cohesive soil are used to ®nd a failure envelope for the foundation. The results of the numerical analyses are compared with the conventional bearing-capacity equation and some of the other failure loci proposed for cohesive soil. An important feature of the problem considered is that unlimited tensile stress is permitted at the interface between the soil and the foundation under large-moment loading.
FAILURE EQUATIONS
Some of the failure equations proposed for foundations on cohesive soil are discussed here. At least two classes of the failure equations can be identi®ed. In the ®rst, the conventional bearing-capacity equations, it is assumed that the footing±soil interface cannot sustain any tension. In the second class of failure equations some resistance to tension is allowed, and therefore these equations are more relevant to the present studies.
The conventional bearing-capacity equations (e.g. Vesic, 1975; Bowles, 1982; Chen & McCarron, 1991) are generally used to evaluate the stability of foundations against static bearing failure. The bearing capacity of a rigid surface foundation resting on a purely cohesive soil and subjected to a vertical loading may be expressed approximately as (Vesic, 1975) 
where V u is the ultimate vertical load on the foundation, s u is the undrained shear strength of the soil, N c is the dimensionless bearing capacity factor for cohesion, ae s is the factor which considers the effects of foundation shape, ae e and ae i are factors which consider the effects of load eccentricity and load inclination, and A is the contact area of the foundation. The bearing capacity factor N c for a long rectangular foundation has been obtained as N c 2 ð using the theory of plasticity. The values of shape factor ae s for a circular footing vary from 1´1 (e.g. Meyerhof, 1980) to 1´3 (e.g. Terzaghi & Peck, 1948) . A widely used expression for the shape factor (Vesic, 1975) suggests a value of 1´2 for circular footings. Therefore, the ultimate bearing capacity of circular foundations on clay under a central±vertical load V u is conventionally calculated as
It is worth noting that exact solutions for the vertical bearing capacity of circular footings on uniform Tresca soil have been obtained by many researchers (e.g. Meyerhof, 1951; Shield, 1955; Eason & Shield, 1960; Cox, 1961; Cox et al., 1961) . Values of V u 5 X 69As u and V u 6 X 05As u have usually been obtained for smooth and fully rough circular footings, respectively. Therefore, the appropriate shape factors are 1´11 and 1´18 for smooth and rough circular footings. It should also be pointed out that very different shape factors have been obtained for non-uniform soil (e.g. Tani & Craig, 1995) .
There is no exact expression for evaluating the effects of inclination and eccentricity of the load applied to a circular foundation. However, Vesic (1975) has presented an approximate expression for the bearing capacity of rectangular foundations, with an aspect ratio BaL, subjected to inclined loading. Using Vesic's expression and assuming BaL 1, an approximate bearing-capacity equation for circular footings under inclined loading can be obtained as follows:
where H is the horizontal component of the applied load. Bolton (1979) presented a theoretical expression for the vertical capacity of a strip footing subjected to an inclined load. Bolton's expression can be modi®ed for a circular footing, using a shape factor ae s 1 X 2, as follows:
Based on the results of empirical studies on circular foundations performed by Osborne et al., (1991) , Murff (1994) suggested a general form of the three-dimensional failure locus as:
where á 1 and á 2 are constants, M is the moment applied to the foundation, V c is the compression capacity under pure vertical load, and V t is the tension capacity of the footing, which might be possible to mobilize in practice, at least in the short-term, due to the development of suction under the footing. A simple form of equation (5), suitable for foundations on saturated cohesive soil under fast loading (undrained conditions), assuming
á 3 V u D and á 4 V u can be seen as the capacity of the foundation under pure moment M u and pure horizontal load H u , respectively. Therefore equation (6) can also be expressed as
A ®nite-element study of the failure locus for strip foundations on non-homogeneous clay under combined loading was presented by Bransby & Randolph (1998) . The results of the ®nite-element analyses were supported by upper-bound plasticity analyses. The failure locus presented by Bransby & Randolph is
where M Ã is the moment calculated about a reference point above the base of the footing at a height Z, B is the breadth of the strip footing, á 1 , á 2 and á 3 are factors depending on the degree of non-homogeneity of the soil, and s u0 is the soil shear strength at the level of the foundation base.
FINITE-ELEMENT MODEL
Three-dimensional ®nite-element analysis of a circular foundation resting on the surface of homogeneous soil deforming under undrained conditions were performed to investigate the shape of the failure envelope in the vertical±horizontal±moment (VHM) space for the circular foundation. It was assumed that the soil±foundation interface provides uplift resistance, which in practice may be due to the suctions that can be developed during undrained loading. The emphasis of the study was on assessing the effects of lateral force and moment on the vertical bearing capacity of the foundation.
The soil was assumed to have a uniform undrained shear strength s u and an undrained Young's modulus E u of 300 s u . A Poisson's ratio of 0´5 (in practice í 0 X 49 to avoid numerical dif®culties) was assumed to model the constant-volume elastic response of the soil under undrained conditions. During plastic yielding the soil also deforms at constant volume.
The ®nite-element mesh used in the analyses is shown in Fig. 1 , which also de®nes the overall geometry of the ®nite-element model. The footing was assumed to be rigid and rough. A thin layer of continuum elements was used in the region of the soil±foundation interface, which considerably improved the predictions of the lateral response of the foundation. No attempt was made to model the separation of the footing from the soil, which may occur on the tension side of the footing under large moments.
The ®nite-element formulation used in the analyses is based on the semi-analytical approach (Zienkiewicz & Taylor, 1989) in which the ®eld quantities are approximated by a discrete Fourier representation (Taiebat, 1999) . This approach is similar to one described previously by Lai & Booker (1991) . The material non-linearity is also represented by the elastic± perfectly-plastic Tresca failure criterion. Application of this method to problems with axisymmetric geometry which are subjected to non-symmetric loading has shown an effective reduction in computational time. For the mesh presented in Fig. 1 , the computational time is about 5% of the time required for an equivalent three-dimensional ®nite-element analysis with the direct representation of the ®eld quantities.
The sign conventions for loads and moment used in this study were based on the right-handed axes and clockwise positive conventions (V, M, H), as described by Butter®eld et al. (1997) and shown in Fig. 2 .
FAILURE POINT
In all the ®nite-element analyses reported here the loading was speci®ed by increasing the total nodal force applied to the rigid footing (i.e. it was load-de®ned rather than displacement de®ned). This poses special problems for the determination of the ultimate capacity, as explained below.
In load-de®ned elastoplastic ®nite-element analyses of foun- dations subjected to vertical load, it is very dif®cult to ®nd a point at which overall failure can be deemed to occur. This dif®culty arises because there may not be a point at which the numerical prediction of the incremental system stiffness is precisely zero, due to gradual development of the plastic zone. However, under horizontal load, failure is usually more sudden and therefore quite distinct. It coincides with the failure of the last Gauss point of the soil elements on or near the soil± foundation interface. Therefore, with any combination of horizontal load, vertical load and moment, an indication of the failure point can be best determined from the horizontal load± displacement curve. The failure of foundations under pure vertical load and pure moment is also best determined approximately by using a combination of a very low value of horizontal load and an applied vertical load or moment. As an example, the load±displacement response of a foundation under vertical and horizontal loading is presented non-dimensionally in Fig. 3 , where ä represents the horizontal and vertical displacement. The horizontal or vertical loads were caluclated based on the stresses predicted in elements at the interface of the soil and the foundation. For any load combination the horizontal load± displacement curve exhibits a peak and thereafter the horizontal load decreases. The loads corresponding to the peak are regarded as`failure loads'. In the present case the`failure loads' were determined at H 0 X 114 As u and V 5 X 7 As u .
TWO-DIMENSIONAL FAILURE ENVELOPES

Vertical±horizontal (VH) loading plane
The ultimate vertical load capacity of the foundation V u was obtained from the results of ®nite-elements analysis with V a H 60 and M 0. The small horizontal component of the load was used to de®ne better the ultimate load point, as described in the previous section. A value of V u 5 X 7 As u was deduced for the ultimate vertical bearing capacity of the circular foundation. This value is very close to the exact solution of V u 5 X 69 As u for a smooth circular footing on the surface of a rigid plastic half-space.
To evaluate any possible effect of the horizontal load of H V a60 on the vertical bearing capacity, another analysis with a lower value of horizontal load, H V a600, was carried out. The same value for the ultimate vertical bearing capacity was obtained, indicating the negligible in¯uence of these relatively small horizontal loads on the vertical capacity of the footing.
The capacity of the foundation under pure horizontal load was predicted by the ®nite-element model to be H u 1 X 02 As u , which compares well with the exact solution of H u 1 X 0 As u .
The predicted failure envelope in the VH plane is presented in Fig. 4 , together with the conventional solution of Vesic (1975) (equation (3) ) and the modi®ed expression of Bolton (1979) (equation (4) ). Comparison of the curves in Fig 4 shows that the numerical analyses generally give a more conservative bearing capacity for foundations subjected to inclined load. The results of the numerical analyses are very close to the results obtained with the modi®ed theoretical expression of Bolton (1979) .
All three methods indicate that there is a critical angle of inclination, measured from the vertical direction, above which the ultimate horizontal resistance of the foundation dictates the failure of the foundation. Where the inclination angle is more than the critical value, the vertical force does not have any in¯uence on the horizontal capacity of the foundation. The critical angle is predicted to be 198 by the numerical studies and from the modi®ed expression of Bolton (1979) , compared to 138 predicted by the conventional method of Vesic (1975) .
The non-dimensional failure envelope predicted in the present numerical analyses is compared with those of Vesic (1975) (equation (3)), Bolton (1979) (equation (4)), Murff (1994) (equation (7)) and Bransby & Randolph (1998) (equation (8)) in Fig. 5 . The shape of the failure locus predicted by the numerical analyses is closest to the modi®ed expression of Bolton (1979) . It can be seen that the conventional method, compared with the numerical results, gives a good approximation of the failure locus, except at high values of horizontal loads. The failure locus presented by Murff (1994) gives a very conservative approximation of the numerical and conventional failure loci.
Vertical-moment (VM) loading plane
For the foundation under pure moment, an ultimate capacity of M u 0 X 8ADs u is obtained from the results of the ®nite- The non-dimensional failure envelope predicted in the present numerical studies is compared with those of Murff (1994) (equation (7)) and Bransby & Randolph (1998) (equation (8) 
Horizontal-moment (HM) loading plane
A series of numerical analyses in the HM plane (with zero vertical load) was performed. The failure locus obtained from the analyses for horizontal load and moment is plotted in Fig 7. A maximum moment capacity of M 0 X 89 ADs u is obtained, which is 11% greater than the predicted capacity of the foundation under pure moment. The maximum moment coincides with a horizontal load of H 0 X 71 As u . Application of this value of horizontal load with moment mobilizes the shear strength of more soil under the foundation during failure and therefore increases the moment capacity of the foundation. Bransby & Randolph (1998) identi®ed two different upper-bound plasticity mechanisms for strip footings under moment and horizontal load, a scoop mechanism and a scoop±wedge mechanism. The later mechanism results in a greater ultimate moment capacity for strip footings.
A non-dimensional form of the numerically predicted failure locus and the suggestions of Murff (1994) and Bransby & Randolph (1998) are plotted in Fig. 8 . It can be seen that the failure locus presented by Murff (1994) is symmetric and the maximum moment coincides with zero horizontal loading, whereas the numerical analyses show that the maximum moment is sustained with a positive horizontal load. The failure locus obtained from Murff's equation becomes non-conservative Modified expression of Bolton (1979) Conventional method (Vesic, 1975) when MH < 0. The non-symmetric failure locus predicted by the current numerical technique is very similar to the failure locus obtained by Bransby & Randolph (1998) for strip footings using a ®nite-element analysis and upper-bound plasticity analysis.
THREE-DIMENSIONAL FAILURE ENVELOPE
Various combinations of loads and moment were used in a series of ®nite-element analyses to evaluate the failure envelope in VHM space. Any combination of loads with a constant ratio of horizontal load to moment HaM and varying values of vertical load V represents a line in the HM loading plane. Lines with a constant value of the ratio HaM are represented by the dashed lines in the HM plane in Fig. 7 . For every selected ratio of HaM, 7±10 analyses with different values of vertical load were conducted. In each analysis, the proportional loads and moment applied to the foundation were held constant until failure.
A three-dimensional image of the failure envelope for foundations under combined compressive vertical load, horizontal load and moment is presented in Fig. 9 . Representation of the failure envelope in the VMH space is shown as a contour plot in Fig. 10 . Figure 10 shows that the maximum moment is sustained when MH . 0. The maximum moment occurs at Ha H u 0 X 71 when V 0. With increasing vertical load, the position of the maximum moment shifts toward the moment axis. The vertical bearing capacity of a foundation subjected to a speci®c horizontal load is generally larger if the moment is applied in the same direction as that of the horizontal load.
The three-dimensional representation of the failure envelope provides a convenient way to explore the safety of any speci®c combination of loads and moment, and the consequences of any change in the loading. Clearly the loading path has an important in¯uence on the margin of safety. For example, consider an initial load combination of V aV u Ha H u MaM u 0 X 4, which is represented by point A in Fig. 10 . For a foundation under maintained values of this horizontal load and moment, the maximum tolerable vertical load can be found from Fig. 10 as V max aV u 0 X 84. In the same way the maximum tolerable horizontal load and moment can also be found as H max a H u 0 X 92 and M max aM u 0 X 95, respectively. The minimum safety factor for the foundation under these loads is therefore 2´1 ( 0 X 84a0 X 4). If the loads and moment all increase by 25% (i.e. V aV u Ha H u MaM u 0 X 5) to point B in Fig. 10 , the safety factor reduces to 1´5. Proportional increases of 56% to the loads and moment bring the foundation to its failure point (point C). If the initial load combination of point A is applied to the foundation and then the direction of horizontal load or moment is changed (point D), the safety factor reduces from 2´1 to 1´8.
GENERAL FAILURE EQUATION
An accurate three-dimensional equation for the failure envelope in its complete form, which accounts for the load inclination and eccentricity, is likely to be a complex algebraic expression. Some degree of simpli®cation is essential in order to obtain a convenient form of the failure envelope. Depending on the level of the simpli®cation, different classes of failure equations may be obtained. In the previous section, the failure envelopes suggested by different sources were compared in two-dimensional loading planes. It was demonstrated that the failure equation presented by Murff (1994) has simplicity in its mathematical expression, but does not ®t the failure envelopes produced by the conventional and numerical analyses. The failure equation presented by Bransby & Randolph (1998) for strip footings matches the data for circular footings in two planes, but does not give a suitable answer in three-dimensional space.
A new equation describing the failure locus in terms of all three components of the load is proposed here. In the formulation of this equation, advantage was taken of the fact that the moment capacity of the foundation is related to the horizontal load acting simultaneously on the foundation. The proposed approximate failure equation is
where á 1 is a factor that depends on the soil pro®le. For the homogeneous soil studied here, á 1 0 X 3 provides a good ®t to the bearing capacity predictions from the numerical analysis. Perhaps inevitably, the three-dimensional failure locus described by equation (10) will not match the numerical data over the whole range, especially around the abrupt changes in the failure locus which occur when the horizontal load is large. However, the overall approximation to the numerical predictions is considered satisfactory, and is suf®cient for many practical applications. In particular, the representation of equation (10) in the VMH space is shown as a contour plot in Fig. 11 . A direct comparison of this ®gure with Fig. 10 shows that the proposed equation provides a very good approximation to the failure condition.
PLASTIC ZONE AND SOIL MOVEMENT
The patterns of soil movement at failure and the development of plastic zones and failure mechanisms in the soil under a footing are also of some interest. The expansion of plastic zones with increasing load and the movements of soil were studied for ®ve cases involving different combinations of loads and moments. The various combinations of failure loads are identi®ed in Fig. 10 as circles numbered 1±5. In all cases, the loading was applied proportionally to the foundation using an incremental load path up to the failure point.
The results of the predictions of these analyses in the plane of the applied loads are presented in Figs 12±16. The plastic zones for different ratios of the applied load to the maximum tolerable load (V aV max , Ha H max or MaM max ) were obtained. The general directions of the movement of the soil particles at failure were also recorded. The patterns of movement are illustrated by curves superimposed on the cross-sections in Figs  12±16 .
Plastic zones expand differently under various combinations of loads and moment. For instance, under a central vertical load the plastic zones expand to a distance of approximately 1´0 D from the centre of the footing and to a depth of 1´5 D under the foundation at failure (case 1), whereas for the foundation under pure horizontal loading the plastic zones are concentrated under the foundation with a maximum plan size of just slightly greater than the dimension of the foundation (case 2). For a foundation subjected to moment, any increase in the horizontal load will cause the plastic zones to expand more (cases 3±5). In all cases, the soil beneath the edge of the rigid footing yields ®rst, as might be expected. As the loads are increased, the small bubbles' of yielded soil beneath the edge of the footing expand. Eventually the plastic zone spreads over the whole area under the foundation, ultimately providing a collapse mechanism.
For foundations under moment and lateral load, there exists a point around which the foundation and soil tend to rotate. The position of this rotation point depends on the relative intensities of the applied moment and the horizontal load. Under pure horizontal load (case 2) the rotation point is in the soil far below the foundation. Application of moment brings the rotation point up, closer to the foundation (case 3). At a certain ratio of the applied moment to the horizontal load, the rotation point reaches the interface of the soil and foundation. This ratio effectively determines the extent of the plastic zone and, therefore, the maximum moment capacity for the foundation. Reducing the horizontal force and increasing the moment brings the rotation point above the foundation base. For instance, under pure moment (case 4), or when the direction of applied moment and applied horizontal force are opposite (case 5), the rotation point moves above the foundation base, the moment capacity reduces, and the plastic zone becomes smaller than the one corresponding to the maximum moment capacity.
The plastic zone and the movement of soil are not symmetrical when a combination of vertical load, horizontal load and moment is applied to the foundation.
CONCLUSIONS
Three-dimensional ®nite-element analyses of circular foundations on a homogeneous, purely cohesive soil were performed to investigate the shape of the undrained failure locus for the foundation. The results of the numerical analyses were compared with some of the available theoretical solutions for the undrained bearing capacity of the foundation.
Two-and three-dimensional failure loci for the foundation, deduced from the ®nite-element analyses, have been presented here. The failure loci provide a convenient way to investigate the undrained bearing capacity of a foundation under combined loading. Graphical displays of these loci present a clear image of the safety margin of a foundation under any speci®c combination of loads and moment, and the consequences of any change in the loading. It was found that the failure locus in the MH plane is non-symmetrical. The foundaton shows a higher resistance when moment and horizontal load acting on the foundation are in the same direction (i.e. both have positive or both have negative values). It was also shown that shallow foundations are most vulnerable to horizontal load and moment if the vertical load is higher than about 0 X 5 V u .
Another important outcome of the numerical studies is that the conventional method of calculating bearing capacity does not always give a conservative prediction. The approximate numerical results indicate that the widely accepted value of the shape factor ae s 1 X 2, used in the conventional method may be slightly high for circular footings. The ®nite-element calculations indicate that a more appropriate value for the shape factor may be ae s 1 X 1, as suggested by Meyerhof (1980) . However, it is dif®cult to be de®nitive on this issue, since the technique used to determine the failure point in the numerical analyses is not completely rigorous. The conventional method also gives a non-conservative bearing capacity for foundations under large horizontal loads.
The non-dimensional failure loci predicted by the ®nite-element analysis are broadly similar to those obtained by Bransby & Randolph (1998) in their studies on shallow strip foundations on non-homogeneous soil. Results of experimental studies by Martin (1994) and Butter®eld & Gottardi (1994) also show similar trends in behaviour for shallow foundations of different shapes on different soil pro®les. This indicates that the de®nition of a single general bearing-capacity equation, or the failure function (e.g. equation (10)) for all types of shallow foundation may be feasible.
